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ABSTRACT. Let G = %4 i Ujk = Ug;) be a tree product with H a sub-
group of G. By extending the technique of using a rewriting process we show
that H is an HNN group whose base is a tree product with vertices of the form
xA,'x—l N H. The associated subgroups are contained in vertices of the base, and
both the associated subgroups of H and the edges of its base are of the form
)'Uik y~1 N H. The x and y are certain double coset representatives for
Gmod(H, A;) and G mod (H, Uik), respectively, and the elements defined by the
free part of H are specified. More precise information about H is given when H
is either indecomposable or H satisfies a nontrivial law. Introducing direct tree
products, we use our subgroup theorem to prove that if each edge of G is con-
tained in the center of its two vertices then the cartesian subgoup of G is a free
group. We also use our subgroup theorem in proving that if each edge of G is a
finitely generated subgroup of finite index in both of its vertices and some edge
is a proper subgroup of both its vertices then G is a finite extension of a free
group iff the orders of the A; are uniformly bounded.

1. Introduction. In 1958 the technique of using a rewriting process to inves-
tigate subgroups was used by Karrass and Solitar [8] to give proofs of the Nielsen-
Schreier and Kuro$ subgroup theorems. In 1970 the same authors [9] used the
Kuro§ rewriting process in their investigation of the subgroups of (4 * B; U). We
continue the development of the rewriting process technique in extending the
Karrass-Solitar subgroup theorem to arbitrary tree products.

If G is a tree product assign a level function to its graph having exactly one
vertex of level zero and let G,, be the subtree product of the vertices of level < n.
Then G,, is a tree product with amalgamations from the single vertex G,,_,,
n> 0. If H is a subgroup of G and H, = H N G,, then H is the ascending union
of the H,. We use induction to find the structure of each H, and show that H,
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28 J. FISCHER

is naturally contained in H, , . Thus, the fundamental step in deriving our sub-
group theorem is the case when G is a tree product with amalgamations from a
single vertex. To treat this case we develop the compatible KuroS rewriting pro-
cess which not only distinguishes between generators from different vertices, but
also between generators from different pairs of neighboring vertices. Theorem 5
gives the structure of H.

Indecomposable groups are those which do not admit proper decompositions
into amalgamated products. Gaining information about the decomposition prob-
lem for tree products appears to be difficult since an indecomposable subgroup of
a tree product may be: (i) contained in a conjugate of a vertex; (ii) an ascending
union of subgroups of conjugates of edges; or (iii) an HNN group with cyclic free
part and with base generated by a pair of subgroups of conjugates of an edge
(Theorem 8). If a group G admits a proper decomposition (4 * B; U) then G
cannot satisfy a nontrivial law unless (4 : U) = (B: U) = 2. The possible struc-
tures for a subgroup of a tree product which satisfies a nontrivial law are: (i) and
(ii) above; (iil) above with the requirement that one of the pair of subgroups con-
tain the other; and (iv) a subgroup of the form (A% * BY;; Uf), where A and B
are vertices of G, U is an edge, z = x or y and X%, stands for gXg~! N H (Theo-
rem 9).

A direct tree product is the quotient of a tree product whose edges are all
contained in the centers of their vertices by its cartesian subgroup. Theorem 10
shows that a direct tree product contains its vertices in the natural way and the
subgroup generated by a subtree is its direct tree product. As a consequence we
generalize the well-known result that the cartesian subgroup of a free product is
a free group as follows: If G is a tree product such that each edge of G is con-
tained in the center of both its vertices then the cartesian subgroup of G is a free
group. In [2] Anshel and Prener show that the commutator subgroup of a free
product of finitely many finite abelian groups is a free group whose rank depends
only on the number of factors and their orders. We show in Theorem 12 that if
G is a tree product of finitely many vertices each of which is a finite abelian
group then the commutator subgroup of G is a free group whose rank depends
only on the number of vertices and the orders of the vertices and edges.

Karrass and Solitar [10] and Allenby and Gregorac [1] have proved that if
G = (A * B; U) with U a finitely generated proper subgroup of finite index in
each factor then G is a finite extension of a free group iff 4 and B are both finite.
To extend this result to tree products essentially all that need be changed is that
the orders of the factors be uniformly bounded (see Theorem 13).

The author is grateful to D. Solitar for suggesting the problem of subgroups
of tree products and to D. Solitar and C. Y. Tang for their thoughtful guidance
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in this research. The author also wishes to thank R. Burns for his many helpful
comments concerning presentation of this material.

2. Notations. We use standard notations for amalgamated products and tree
products. In particular we adopt the following notations:

n*4; Uy = Uy;j)—the tree product with vertices 4, edges Uy, and (impli-
cit) amalgamating isomorphisms 03

AB—the subgroup DAD™! N H;

W =~ V—the words W and V are freely equal;

x€—the symbol x raised to the power € = +1;

8(K)—the &-representative of K;

8 |K |-the 5-double coset representative of K;

G : (H, A)—the number of double cosets in G mod(H, A);

|G |—the order of the group G;

((G)—the cartesian subgroup of G;

G'—the commutator subgroup of G;

Sy —the group of permutations on the elements of X.

3. The compatible Kuro§ rewriting process. Let the generating symbols in a
presentation for a group G be partitioned into subsets S; and let each S; be parti-
tioned into two subsets o; and §;. Let H be a subgroup of G, and for each «; and
B; select a right coset representative function for G mod H. We refer to the o
and B;-representatives as S;representatives. For each S; select a locally neutral
right coset representative function #;- for Gmod H. Each of the *;representatives
must be either an o;- or a f;-representative. Finally, a neutral right coset represen-
tative function *- for G mod H is introduced, and we demand that each of the *-
representatives be from some #*;-representative system.

If x is a generating symbol for G and N denotes a representative selected
above then the following symbols are introduced:

(1) sy, for Nx®(Vx)™!, where N and x are both o; or §; type and § = o
or § = B; accordingly;

t; i for NCN)™! where N is an S;Tepresentative; and
r, v for N(*N)™! where N is a *i-representative.

Let W= Ux®V be a word in the generating symbols of G which defines an ele-
ment of H. If x € S; we assign to x the ordered pair (i, §), where § = q; if

X €a;and 6 = ; if x € f;. Now define 7 to be a symbol-by-symbol replacement
with x€ replaced by

r—l

-1 . _
i."'(U)ti, S(U)SS(U),xti,6(Ux)rt,"i(Ux) ife=1,
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and

d 1i(t/)t:;w) 5(IUx),x i5(Ux) i, *i(Ux) ife=-1.

It is easy to calculate that the symbols replacing x€ define (*U)x[*(Ux)]™?
if e =1 (and [*(Ux " Hx(*U)"'T! if € = — 1) which are the generators arising
from a Reidemeister rewriting process for G mod H on the neutral representatives.
It follows that 7 is a rewriting process and the symbols in (1) are generating sym-
bols for H. We call 7 a compatible Kuro$ rewriting process. It is apparent from
the definition of 7 that if U; and U, are words in the generating symbols of G
which define elements of H then 7(U,) =~ 7(U,) if U, = U,, 7(U,U,) =
7(U)7(U,) and 7(U7") = [7(U)T"!. By Theorem 2.6 of [11], a set of defining
relations for H on the generating symbols in (1) is:

(@) sy, = TVx[?Wx)]™!), with NV and x of § type where § = o; or § = §;
and Nx # % (Wx);

() t;y = TWV[INT 1), N of S; type and N # *iN;

(@) r; y = TV[*N17'), N a »-representative and N # *N;

(5) sj,x = 1 with N and x of & type where § = ¢; or § = §; and Nx =
5(Vx);

(6) t; y = 1, N is of S; type and N ~ "iN;

(7)) r; ;y = 1, N a »representative and N =~ *N;

(8) 7(KRK™1) = 1, where R runs through the set of defining relators of G
and K runs through one of the representative systems.

We will now assume that all the representative systems are selected so that
the extended Schreier property holds with respect to the o; and f;: That is, if
M = Nx€ is a representative then M and N are both §-representatives if x is a §
symbol, § = some ¢; or B;. We will use the extended Schreier property to elimi-
nate (2)—(4) but first add the following relations to H:

)] BNT iy =0, NT, iy for N both an S;- and S;-representative;

(10) roeiy = ti'lN for *N an S;tepresentative.

(10) follows from (9) since *(V) = **¥(W) for some k: We include (10) for clarity.

LEMMA 1. In computing T(KRW™!) where K and 24 are S; and S; irepresen-
tatives respectively, only the symbols t; g r, *ig and r . ti L, will remain from
K and w1,
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PROOF. From the proof of the Kuro$ subgroup theorem in [11] we know
that the s symbols contributed by K are all of the type in (5). Moreover, if K =
Ux'y°2¥ with x an (i, 8) generator and y a (j, p) generator then y°? is replaced
by symbols beginning with

r1 1
1 *i(ux€l) 1P(Ux€‘)

while the symbols replacing x°! end with

r o
1.8 (wxe 1y tiux€l)

By the extended Schreier property Ux®! is both a §- and p-representative so ap-
plying relation (9) whenever i # j it is clear that all # and r symbols from K can-
cel except the first ones (which may be deleted since relations (6) and (7) apply)
and the last ones which equal t; g7, +;.. by (9).

Smce T(KRW“) = [T(WR"K 117! the only symbols remaining from W1

will be r~ .](w) " w

THEOREM 1. Let H be a subgroup of G and let T be a compatible Kuros re-
writing process for G mod H using an extended Schreier system. Then the sym-
bols in (1) are generating symbols for H and the relations in (5)—(9) are a com-
plete set of defining relations for H on these generating symbols.

ProoF. We know the symbols in (1) are generating symbols for H and the
relations in (2)—(9) are a set of defining relations for H on these generators.

Suppose that x is an (i, 8) generating symbol and N a §-representative. Then
T(Nx[*(Vx)]7Y) is equivalent to

—l —1
ti,N [r tiy zN Nx 5(Nx) i, l(Nx)] *i(Nx)t, §(Nx)'

It follows that the relations in (2) may be deleted.
If N is an S;representative then 7(N[*IN]™!) is equivalent to

-1

LNT; in'i, wtx, iy

since "INV is an S;representative. It follows that the relations in (3) are superflu-
ous in view of (6) and (9).

Finally, if Nis a *, -representatxve and *N is an S, jTepresentative then
T(V*(WV)™!) is equivalent to ¢, yr; INT; LI A 4, By relatxons (6) and (10) this
word is equivalent to r; 5 so the relations in (4) may be deleted.
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4. The coset representative functions (cress) for the fundamental case. Let
G be a tree product with amalgamations from the single vertex B and with any
other vertex denoted by 4;. We assume each vertex is presented so that its gen-
erators contain a set of generators for each of its amalgamated subgroups. The
amalgamation between A4; and B is denoted by U, = V; and the corresponding de-
fining relations for G are of the form u;; = v;;, where u;; and v;; are generators.
This presentation of G is called ordinary.

We now fix a vertex A, and for each i # 1 let B; be a copy of B presented
the same as B but with the generating symbol bii of B; corresponding to the gen-
erating symbol b; of B. Present G by taking the union of our ordinary presenta-
tion of G and the presentations the B; and adding all the relations b;; = b;. In
this presentation G is a tree product with the simple path from 4; to 4, being
i#1

A; B; B_ x A,

* i * *
Ui=V; Bi=B ~ Vi=U;

For notational convenience we use B, in place of B and generators b, ; for b;.
This presentation of G is called large. There is an obvious correspondence between
ordinary and large presentations of G.

We now partition the generating symbols of a large presentation for G by
letting S; be the set of generating symbols for 4; and B;. Let H be a subgroup of
G and introduce o;-, B;-, *;- and *-right coset representative functions as in the
preceding section.

DEFINITION. Let G be given by a large presentation. A cress for G mod H
consists of right coset representative functions o;- and f;-, one ;- corresponding
to each 4; and one f;-corresponding to each B; such that:

(i) The representative functions form a regular extended Schreier system
for G mod H (where *, = §; and * = *, = f8,).

(ii) When the u; (v;) symbols are deleted completely from the ends of the
;- (B;-) representatives the resulting words form a double coset representative sys-
tem for G mod (H, U;). We call these words the u;- (v;-) double coset representa-
tives.

(iif) An o;-representative does not end in a v; symbol and a f,representative
does not end in a u; symbol.

(iv) If K is both a ;- and v;double coset representative then KP(y;) is an
o;-representative iff KP(v;) is a f;-representative.

(v) If an o;-representative ends in an o; symbol, j # i, then it is both an a;-
and f;-double coset representative.

(vi) If W is any word in the generating symbols of G then fi|1w| = fi W for
any i, j.
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(vii) An S;-representative cannot end in a B; symbol, i # .

DEFINITION. If W is a word in the generating symbols of G then Ig(W) is
the number of occurrences of a & syllable among the syllables of W. The extremal
length of W is Zlai(W).

We use /(W) to stand for the extremal length of W.

THEOREM 2. Let G be given by a large presentation. Then there is a cress
for G mod H on the given generating symbols for G.

Proor. We will first construct a collection of coset representative systems
&',-- and E}- using an ordinary presentation of G. There will be one a ;- and E;
corresponding to each U; and V; respectively. We then construct a cress from the
@;-and B~ Let the - and §;representatives be written in the forms D, E,P(u;)
and 13}F,-Q(vi) respectively, where P, Q, E;P and F;Q are the maximal terminal
segments consisting of u;, v;, ; and 8 symbols. We will construct the representa-
tives so that properties (a)—(d) below, which clearly imply properties (i)—(iii)
and (v)—(vii) of a cress in the corresponding large presentation of G, are satisfied.

(a) The D ; form a double coset representative system for G mod (H, B) and
each 5,, is an oy-representative ending in an o; symbol. Moreover, {5,-} = {5,-}
for each ﬁ,-. - - -

(b) For a fixed D, the {F;Q(v;)} adjoined to D; to form §,-forms a special
Schreier system for B mod B N D;” IHD,. with respect to V.

(c) The D; form a double coset representative system for G mod (H, 4,).
Each D; is a {?}-representative ending in an F; syllable (that is, a § syllable which
is a terminal § syllable for some v;-double coset representative) or an a-represen-
tative ending in an o symbol,j # i. In the latter case D; is also a §;-double coset
representative.

(d) For a fixed D; the collection {E;P(u;)} adjoined to D; forms a special
Schreier system for 4, mod 4; N D; ' HD; with respect to U.

We define the length of a double coset to be the minimum extremal length
of a word in it. The construction will be to first select double coset representa-
tives of minimal length in the double cosets they represent and supplement them
with special Schreier systems (see [9] for the definition of a special Schreier sys-
tem). We proceed by induction on the length n of the double cosets.

If n = 0 the only (H, B) coset of length n is HB. Select 1 as the represen-
tative of this double coset and for each ¥; adjoin to 1 a special Schreier system
for B mod B N H with respect to V;. 1f HWA, has length O then W is a §§ syllable
or W= 1. Then W is a word in HB so Pi(W) is defined and has the form F;0(v).
We let F; be the double coset representative for HWA; and adjoin to it a special
Schreier system for 4; mod A; N F; 1 HF; with respect to Uj.
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Assume we have selected a;- and [?'i-representative for all cosets of H con-
tained in an (H, B) or (H, A;) coset of length less than r, r > 0.

Let HWB have length r = /(W) and assume that W ends in an o; symbol.
Then HWA, has length less than HWB so °"(W) is defined and has the form

D;E;P(u;). By inductive hypothesis I(D;) <r - 13 and since D;E; is a word in
HWB we must have [(D,E;) > rso E; # 1. Let Di D,E; be the double coset
representatlve of HWB and for each V; adjoin to D, a special Schreier system for
B mod D 'HD, N B with respect to V

To deﬁne double coset representatxves for the double cosets HWA; of length
r = I(W) notice that HWB has length <r. This means 3'(W) is defined and has
the form D,F,Q(v,). Let D; = D,-F, be the double coset representative for HWA,
and adjoin to D; a special Schreier system for A4; mod D} IHDi N A; with respect
to U,.

Whenever a word K is both a ;- and v;-double coset representative we may
adjoin the same words in u; and v, symbols to K in constructing the &- and §-
representatives.

We have constructed the o'?,- and the L?',-(the cresst). Return now to the
large presentation of G. We associate to each A, and B, the representative func-
tions o;- and B;- which result when all the F; and Q(v;) are replaced by the same
words written in ﬁi symbols instead of § symbols. No ambiguity results since the
F; are indexed.

The systems o ;- and B - are called a cresst, and we shall use this notion later.

5. The subgroup of a tree product with amalgamations from a single vertex.
In this section G is a tree product with amalgamations from a single vertex. We
continue the notations of §§3 and 4.

THEOREM 3. Let H be a subgroup of G and let {D;E;P(u;)} and {DF,;Q(v;)}
be the S;representatives in a cress for G mod H. Then H is an HNN group whose
free part is freely generated by those t; D;E; Such that D;E, is not an oy or p-
double coset representative. Moreover, the base of H is a tree product whose ver-
tices are all the subgroups A ig ! and B and the followmg hold:

(1) The neighboring vertices are all pairs A if i BP 11 where D; = D or

D; = DF;or D = D,E;;
‘ (2) The group amalgamated between neighbors Af;; and BZ is U,-?,' where
D, =D; = Dor D, is the longer of D; and D in syllable length;
(3) The relations involving the associated subgroups and free part of H are

given by
UDFi yPiEi
t,0ie Uiy tibiE; = Uiy

where DF; is the vydouble coset representative of D;E;.
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ProOF. We may assume that G is given by a large presentation and that the
cress is on the given generating symbols for G. We present H using the compati-
ble Kuro3 rewriting process and the given cress for G mod H. Then H has defining
relations (5)—(9) as described by Theorem 1.

Consider the relations in (9). If NV is both an ;- and S;-representative, i # j,
then property (vii) of a cress implies that N must end in some &, symbol. Fur-
ther, N must be an q;- or f;representative and we may assume that r # i. Now NV
must be a f-double coset representative, for if NV is a §,representative then V is a
B-double coset representative, while if V is an o;-representative then by property
(v) of a cress N is a S-double coset representative. From property (vi) it follows
that the relations in (9) are superfluous in view of those in (6) and (7). Thus,
(5)—(8) is a set of defining relations for H. The relations entering from (8) will
be:

(8a) 7(KRK™1) = 1 where R runs through the defining relators from some
A; or B; and K ranges over the o;- or §;-representative system accordingly;

(8b) 7(Ku,y, v, K~1) = 1 where u, runs through the U, generating symbols
of A;, v;, runs through the V; generating symbols of B; and K ranges over the o;-
representatives;

(8¢c) T(Kb,-].bfilK ~1y = 1 where b;; and b,; run through the corresponding
generating symbols of B; and B, respectively, and K ranges over the ;-represen-
tatives.

By Lemma 1 it is easy to calculate that the relations in (8a) may be regard-
ed as involving only s, , ;or only sy by symbols. The proof of Theorem 5 of [9]
assures that the s symbols and relations (5) and (8a) may be partitioned so that
they form sets of generating symbols and defining relations for all the A fand

BP

iH
We now calculate the relations in (8b):

11
T(Ku, v, K77) =¢, Kr tig [r i ik leK “rt, °‘I(Ku,.) i,"'(Ku,)]

Ry
i, '(K) tik

I I

i, (Kuy) :.ﬁ'(Kur) ”'(K) vir 81y, 1

1

which reduces to’ Sk,u,t; ai (Ku,)sEil(K),ui,ti—vK since *; = B;. Thus, (8b) becomes

= -1
(11) sK,u,. ti'KsBi(K),v,-rti."‘"(Ku,)'
If K = D,E;Q and Bik) = DF ;P then we may use the same calculations as
in Theorem 5 of [9] to reduce (11) to

=t ~1
12 SK.up t'vDiEiw(sBi(DFiL),vii tiDEp
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and if #; p g, = 1 to reduce (12) to
(13) SDiEiQ(uj)up = SDFiQ (i) vip*

By property (iii) of a cress the #; DiE;Q with @ # 1 do not occur in relations
(6), and in the calculations referred to we see that the ¢; ;, [E;0 May be expressed
in terms of s symbols and #; p, ;. Thus, we may delete all the #; , p, o With
Q+#1.

To see which ¢ symbols remaining are relations in (6) notice that 7, , = 1 is
always such a relation if K is a f-representative. ™" e others are those ¢; ;, ¢, for
which D;E; = DF}, but this happens iff E; = 1, F; — 1, or E; = F; = 1. Thus,
t;p;g; is not a relator in (6) iff D;E; is not an o;- or f-double coset representative.
All other ¢ symbols may be deleted from the presentation of H.

In (13) we fix D,E; and let Q(u,-) vary over its Schreier system for
U, mod U; N E; D HD,E, while u, varies over the U, generating symbols. The
left side of (13) generates the subgroup U,PI}E‘ of Agj and the right side generates
the subgroup iH'F of B,%. Moreover, the arguments in [9] show (12) reduces to

vPiEi = 4 Fip—1
ig i,DE;¥igg “i,DiE;
where the mapping
SK,ur band W(sﬁi(DF,'L),Ulj)

arising from (12) is an isomorphism between subgroups of Af;} and B,-%.
Factoring by the normal subgroup generated by all the s symbols shows that
the ¢, p, £, are a free set of generators for a free subgroup of H, where D;E; is not
an a;- or -double coset representative.
We now examine (8c): 7(Kb;b7/K ") reduces to

—1 —1
Sk bl o s r;
Kobij g, * ik ) PL(K) by PK

since any ¢ or r; symbol is a relator in (6) or (7), so any relation in (8c) becomes

- —1
(14) Kby = TLK 81 k), 1 bk )

where the mapping

—~1

D sy b kS r
Kby~ bK01(k)b 15 1, KD yp)

defines the identity on BY in H. Now, if K = DF;Q(v;) then *K = D*(F;0(v;))
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and we let F;(b,;) be the word obtained from F; by replacing each b; with b, ;.
Then

rx = T&IKT™Y) = 1(DF,(6,,)00, ) [F(b,,) 0, )11 D'}

= WiG1pLyp,)"
and similarly

rt,'i(xb,,-) - wz(sﬁl(DM),b 1 ,-)'

This shows (14) may be replaced by

{15y Skioi = W 11y,

Only relations (7) now involve 7 symbols. Using the above calculations we may
delete r; - from the presentation for H provided r; ;- is replaced by a word W, in
the generators of B?H when r; g appears in (7). Since a set of defining relations
for B?H is already present we may delete W, = 1 from our relations for H. It
follows that we may delete all the 7 symbols from our presentation. Moreover,
using (15) we may delete the generators and defining relations for B,%, i#1.
Since ® was the identity mapping of B,[} in H the V,-ZF‘ are replaced by the same
subgroups of BY,, = B.

To complete the proof we show the Agj and B,L_} and amalgamated subgroups
U,-LI)_Il generate their tree product as claimed. To see this notice that if D has syl-
lable length > 0 then D = D;E; and Bg is connected to Alpf{ (in the linear graph
I associated with the base of H) and to no other vertex whose superscript has
shorter length than D. Also, any Ag} is jointed to a unique B}} where the sylla-
ble length of D is less than or equal to the syllable length of D,. It follows that
I is a tree.

Note. Since a cress may be formed by “expanding” a cresst (as in the proof
of Theorem 2) and a cresst will be what results when the B; symbols of a cress
are identified, Theorem 3 will remain valid when we replace a cress with a cresst.

6. The general coset representative systems. Let G = IT{4; Uy = Uy) be
presented so that the a; generating symbols include a set of generating symbols
for each Uj; contained in 4;. Then the defining relators arising from an edge may
be written ujiu;,il where 6;,(u;;) = u;; and u;;, u;; are among the o; and o; gener-
ating symbols respectively. Let H be a subgroup of G and to each pair 4,, Uy
associate a right coset representative function e for G mod H. We let C be the
collection of the a;~. Thus, C is a collection of representative functions and when
we wish to refer to the collection of all the representatives arising from these func-

tions we use the notation [C].



38 J. FISCHER

Assign a level function A to G having exactly one vertex of level 0, and let
G,, denote the subtree product generated by the vertices of level < n. Then H, =
H N G, is a subgroup of G,. If T is the tree associated with G and T',, is the
subtree associated with G,, then for each pair 4;, U; from I',, associate a right co-
set representative function a,.j(n)- for G, mod H,,. The collection of the oz,.j(n)~
is called C(n).

DEFINITION. C is regular if whenever the a; generating symbols are deleted
completely from the ends of the a-representatives a double coset representative
system for G mod(H, A,) results and is the same for each j.

DEFINITION. C is an ascending enlarged Schreier system if (i) when the
G, generating symbols are deleted completely from the ends of the o;-represen-
tatives, where A(4,) < n, a double coset representative system for G mod (H, G,,)
results and is the same for each such o;;-representative system, (ii) the a,j(n)-repre-
sentatives corresponding to all pairs of neighboring vertices 4;, 4;, where N(4;) =
n= N4, + 1, form a cresst for G,, mod H,, when G,, is realized as a tree product
with amalgamations from the single vertex G,,_; .

We now turn to the notion of a compatible regular enlarged Schreier sys-
tem for trees (cresst).

DEFINITION. The collection {a,.i-} is a cresst for G mod H provided:

(1) The representatives form an ascending regular enlarged Schreier system
for G mod H.

(2) When the u;; symbols are deleted completely from the ends of the o
representatives a double coset representative system for G mod (H, U;) results.

(3) An o;;-representatives does not end in a Uj; symbol.

(4)If K is both a u;- and u;-double coset representative then KP(u;) is an
o;-representative iff KP(uy,) is an oy -representative.

(5) If neighboring vertices 4; and A; have level n and n — 1 respectively then
an a;-double coset representative ends in an o; symbol or is both an ;- and oy
double coset representative.

THEOREM 4. There is a cresst for G mod H on the given generators.

PrOOF. We first prove by induction on # that if K is any subgroup of G,
then there is a cresst for G, mod K on the given generators for G,,.

The case n = 1 has been dealt with. Assume that a cresst can be construct-
ed for G, _, mod J on the given generators for G,_, where J is any subgroup of
G,y

Contract G,,_, to a vertex of G,, so that G, is realized as a tree product
with amalgamations from the single vertex G,_,. Now construct a double coset
representative system {D,} for G, mod (K, G,,_,) as we constructed a minimal

double coset representative system for G mod (#, B) in the case n = 1. Each D,
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must end in a generating symbol from a vertex of level n which is not a u-sym-
bol for an amalgamation with a vertex of level n — 1.

By induction there is a cresst C(n — 1, D,) for G,_; mod G,,_, N D'IKD
for each D,, and if its o;-representatives have the form D, .E;;P(u;; ) then {D,D,;}
is a double coset representatlve system for G,, mod (K, 4;). Moreover, the E
are from a special Schreier system for 4; mod 4; N D"‘D"‘KD,D,, with respect
to Uy;. To each D, adjoin the representatives from the o;;-representative systems
of C(n — 1, D,). This gives the o, (n) -representatives for G mod K corresponding
to the vertices of T',,_, .

Suppose now that 4; and A, are neighboring vertices of level n and n — 1
respectively. If {D,;} is the set of double coset representatives above for
G,_, mod(G,_, N D"KD A;) and if {E;;P(u;;)} is a special Schreier system
for A;mod 4; ﬂD,ilD"lKDan with respect to U then select {D, D, E;;P(u;;)} as
the o (n)-representatives. To complete this constructlon we go back to realizing G,
as having amalgamations from the single vertex G,_;. Since {D,E;P(u;)} is a
special Schreier system for G,_, mod G,_, N D, lKD, with respect to U, i we
may take the a;;(n)-representatives {D,D,,E;;P(u;)} as the (G,,_,);-representatives.
The length of each (G —1)jTepresentative equals the length of the corresponding
D, since D,;E;P(u;) is a word in G,,_, generating symbols and consequently has
(extremal) length 0. To obtain the double coset representative for K WA; of
length r = [(W) notice that W is in KWG,_, so the (Gp,—y)representative of W
has been defined and has the form D,D,,E;P(u;). Let D; = D,D,E;; be the
(minimal) double coset representative for K WA; and adjoin to D; a special Schreier
system for 4; mod 4; N DIT‘KDI- with respect to Uj; to get the aji-representatives
for the cosets of K in K WA;.

We show that all the representatlve systems form a cresst ((n) for G, mod K.
Clearly when the Gp,—y symbols are deleted completely from the ends of the o
representatives, where A(4;) <n — 1, a double coset representative system for
G, mod (X, G,,_,) results and is the same for each such o;-representative system.
By induction C(n — 1, D,) satisfies the ascending property, and since the o (n)-
representatlves are formed by adjoining the o;;representatives of each C(n — 1, D,)
to D, it follows that C(r) satisfies property (l) of a cresst. Properties (2), (3)
and (5) are immediate from construction and (4) is easily handled.

Let H be any subgroup of G. We know there is a cresst C(n) for G, mod H,
for each n and [C(n)] C [((n + 1)]. Then [C] = UJ[C(n)] determines a cresst C
for G mod H where the a;; jTepresentatives are the ascending union of the o (n)-
representatives, n > \(4 )

(To check that C is a cresst note that HWA; = | J(H,WA,) and HWG, =

U(H n WGk)')
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LEMMA 2. If C is a cresst for G mod H then we must have [C] = J[C(n)]
where C(n) is a cresst for G, mod H,, [C(n — 1)] C [C(n)] and the o;-repre-
sentatives of C are the ascending union of the a;(n)-, n = N4,).

7. The general subgroup theorem. Let G be a tree product presented as in
§6. We will investigate the structure of a subgroup H of the tree product G by
examining the ascending union of the H,,.

Let a cresst C be given for G mod H. If neighboring vertices A; and Aj of
G have level n — 1 and n respectively then the symbol ¢ i.DE will stand for

D; l,[a"( ; ”)]' » Where D;Ej; is an o;;-representative from C which is neither

an ;- nor q; -double coset representative. The set of all such ¢ symbols arising
from Cand the neighboring vertices of G is denoted {z; DiEji}'

THEOREM 5. Let H be a subgroup of G and {D,E,IP(u,-j)} the oyyrepresen-
tatives in a cresst C for G mod H. Then H is an HNN group whose free part is
freely generated by {t; j.DjE; 1} Moreover the base of H is a tree product whose
vertices are all the subgroups At o L and:

6)) A ! and A; ’ are neighbors iff A; and Aj; are neighbors in G and D; =
D;orD; = DE orD = D,Ey;

(2) 771e edge between neighbors A ! and Aj is U,’,)H where D = D; = D;
or D is the longer of D; and D in syllable length;

(3) The relations involving the free part of H and the associated subgroups

are

iE i P D E,
)ik iy ] i

where D, E;; WQ@I

PROOF. Let K be a subgroup of G,. We prove by induction on # that if
C(n) is any cresst for G, mod K then K has the structure described by this theo-
rem. It will be obvious that K,,_; = G,_; N K is naturally contained in K, for
n = 1. From this and the fact that [C] = (J[C((n)] it will follow that (see [11,
p. 33, Problem 18])) H = UH,, has the desired structure.

The case n = 1 has been dealt with, so assume n > 1. Clearly C(n — 1) is
a cresst for G,_; mod K,,_, so by inductive hypothesis the subgroup K,,_, of
G,y has the structure described by this theorem. Since G, is a tree product
with amalgamations from the single vertex G -1 and since the ; j(n)- and (G, —1)
representatives coincide we may apply the theorem proved for the case n = 1.
Thus, K is an HNN group whose free part is freely generated by {r, 1.D/Eji '} where
A; has level n in G,. The base of K is a tree product with vertlces all the Al
and G,,.fl x Where again A has level n in G,, and {D,} ranges over a double coset
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representative system for G, mod (X, G,,_;). The (G,_,),representatives must
have the form D,D,E;;P(u;;) where {D,, ,]P(uu)} is a special Schreier system for
G,y mod G,_; N D;'KD, with respect to Uy;. It follows that the edge relations
in this presentation are

. Eji _ D rDriE 1'1'
@ UIItJ}c "= Uy

where U,? £ 7 is a subgroup of A, R U‘,l,) IQD’ iEif is a subgroup of G2, x and
D;E; = D,D,,E;. This latter equation implies that at least one of Ej; and E;; is
1. Moreover, the relations involving the associated subgroups and the free part of
K are
(if) ,,D,E,;USIED"E" f.bE; = Uk,
where DanEi; “i ID;E;;| and the associated subgroups are contained in Gy K
or A

We examine the vertices G,,_’l x to complete the proof. Clearly G,, 1k =
D,(G,_; ND;KD,)D;! and {D,;} is a double coset representative system for
Gn—y mod (G,—, ND;'KD,, A;) from a cresst for G,_, mod G,_, N D;'KD,.
By induction

—1 Dyy
Gp—y N D, KD, = gp(4; 1 DF1KD,’ ti'Dn’Eii)
where 4, is a vertex of G,,_, and G,_; N D; KD, has defining relations as de-
scribed by this theorem on these generators. Since D,; is in G,,_, and A; is con-
tained in G,,_,

Dyi

AiGn—l NDy1KD, A'Dr 1KDy’

so the vertex G,,_. is generated by the 4;,/ DrDri and the

D,(D,,.E,.,.)“ff(D,,.E,j)-ID;l =D,D,.E; [“f'(D,D,,-E,-i)]'l,

for whlch we use the symbol ¢; , 1 .z i Moreover, conjugatlng by D, we see
that G,,_l x has edge and associated subgroups of the form UD rDriEij and that
the subgroups arising in relations (i) and (ii) are contained in some 4;;/ DrEri (or, as
before, in A4; Kg

Since G,y x is naturally contained in K we may replace it by the genera-
tors and relations described above. This shows K has generators and defining re-

lations as described by this theorem. It is easy to see that the ¢ symbols freely
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generate a free subgroup of K, and to establish the HNN structure notice that an
isomorphism between subgroups in our original presentation for K may be re-
garded as an isomorphism between subgroups of vertices in the latter presentation.
To see that T, is a tree notice that the graph ry from the base of our original
presentation for K is a tree with vertices 4; ’ and G,,_l x and T, is obtained by
replacing each of these latter vertices with a tree (using the edges from (i)).

COROLLARY 5.1. The free part of H is a retract of H with normal comple-
ment N, the normal subgroup generated by the tree product of the vertices, S. If
H is generated by its intersections with conjugates of vertices then H = S.

COROLLARY 5.2. If H intersects the conjugates of the edges trivially then
H is the free product of its free part F and S, and S is the free product of its ver-
tices. If H intersects the conjugates of the vertices trivially then H = F.

COROLLARY 5.3. Let TpEj; = gp(;, DjEjp S). Then Tpig;; 18 the HNN
group

iEij .~
(tirDjEji’ S; rel(S), tj,DiEﬂUglti i]tj,ll)jEﬁ Ui?H )
and H= n*(TDjEﬁ; S). If

- {Ej E
SDjEI'i —gp(UiIPH li U.'?Ili 4

then TDjEﬁ is the free product of

4 —
TDiEﬂ—(t j»DjEji? SDIEI',’ rel(SDiEli) i»DjEj ilH 1t1'DlE,'i U;II)H )
wanicn 1s an group) an wit ., amalgamated.
(which is an HNN ) and S hsD,E,g !/ d.

All three of these corollaries are proved as in [9].

8. A level function for the base. Let G = *(4;; Ujx = Uy;) with B the on-
ly veitex of level 0. If H is any subgroup of G presented using Theorem 5 then
we will develop a level function for the base S of H such that given any vertex
X }} of § we may calculate its level directly, and B, will be the only vertex of
level 0.

If W, and W, are o; and o; syllables respectively then let j(Wy, W,) be the
number of edges of G in the simple path from 4, to 4;. If W is any word in the
generating symbols of G and W= W, W, ... W, where W,, W,, ..., W, are the
syllables of W then we define

n—1
jwy = §1 F(Wis Wint)

and call j(W) the sum of the jumps in W.
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DEFINITION. If X2 is a vertex of S and ¥, and V, are § and x syllables re-
spectively then N(X73) = j(V,DV,).

THEOREM 6. A defines a level function on S with By the only vertex of
level 0.

PrOOF. By the syllable length of a vertex X 3 we mean the syllable length
of D. We first show that for any n the vertices of syllable length < » form a com-
plete set of vertices for a subtree of S. If n = 0 the vertices {A;;;} and the edges
between them form a subtree isomorphic to the graph of G. Assume that the
vertices of syllable length < r form a complete set of vertices for a subtree of S
and let XD be any vertex of syllable length » + 1 with XH, XlH’ .. X,,[}’,

D the consecutive vertices from X2 ' to the nearest vertex of syllable length <
YD By Theorem 5 D, = D'E, and we claim that D=D, = ...=D, =
DE For suppose otherwise. Smce each D; must have syllable length 2r+1
we have that some D; has maximal syllable length > r + 1. If j and k are the
minimal and maximal subscnpts such that D, D;=D, then the consecutive
vertices above are XH,X e ,X,IZ’{',;,X&', .. XkH, X,?.’.‘.T},, ..., YR
wherej >1and k <n. ThenD; =D, E; , =Dk+1Ek+l withE;_; #1#
E i s0E;_;and £, are the same sy]lable This means X;_ Xk+l’
D;_; =Dy, and the vertex X appears twice in S, a contradlctlon It fol-
lows that the vertices of syllable length <r + 1 form a complete set of vertices
for a subtree of S.

We call the subtree of vertices of syllable length <#n T, and prove by in-
duction on # that A is a level function on S.

Clearly M4;,,) = j(V;1V,) where V, is a § syllable and V, an o syllable
assigns to A;,, the number of edges from it to By. This makes A a level function
on T,y. Suppose A defines a level function on T, and let 4 have syllable length
r+1. IfAD = XIH, X s oo X0, YH are the vertlces from 4P, to the
nearest vertex YH of T, then X, #* X; fori#j,and D = D E 1mphesE can-
not be any X; syllable so X; # Y for each i. Since X, X,,...,X,, Y are dis-
tinct consecutive vertices in the graph of G it follows that they determine a sim-
ple path there. Thus, if ¥, V, and V5 are §, x,, and y syllables respectively
then j(V,DV,) = j(V\D,E, V,) =j(V,DE. y) YIE, V) = ](VIDV3) +iE, V)
By induction 7\(}’,‘_}) ](VlD V3) gives the number of edges from YH to BH
and we just showed j(E,, V) is the number of edges from AD to YD This
proves A is a level function onT,,,.

We use A;; to avoid confusion between the level functions for G and the
base S of H.

CoROLLARY 6.1. If N())(XR) = j(V,DV,) where V; is an o; syllable and
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V, an x syllable then )\S? is a level function on S with A,-H the unique vertex of
level 0.

COROLLARY 6.2. If Ny (XH) = j(DV) with V an x syllable then Ny is a
level function on S with the vertices {A ;H} forming the set of vertices for the sub-
tree of level 0.

Ay reduces to the level function used in [9] for the base of a subgroup of
G=(A=*BU).

COROLLARY 63.If X ,3 has greater syllable length than its neighboring ver-
tex Y7 then Ay (XH) = Ny (YBy) + 1.

9. The rank of the free part. It is shown in [9] that if G = (4 * B; U) then
the rank of the free part of a subgroup H of G is, when presented as described by
the Karrass-Solitar theorem, G:(H, U)—-G:(H, A)—G:(H,B) + 1. IfHisa
subgroup of a general tree product presented as described by Theorem 5 then it
is more difficult to express the rank of its free part because the cresst is compli-
cated and because we may have infinite paths in which each vertex X7 has the
same superscript.

Assign a level function to G having exactly one vertex of level 0.

THEOREM 7. Let G = H*(A,.; Ui = Uki) have finitely many levels and let
H be a subgroup of G presented using Theorem 5. Then the free part of H has

rank G :(H, Uy) - ZG:(H, Ay + 1, where we use only one of Uy, Uj;.

Let F denote the free part of H. We will show that the number of ¢ sym-
bols in F corresponding to all the edges between vertices of level n and n — 1 is

) 26: (H, Up) - 26 (H, A)) - GH, G,_,) + G: (H, G,),

where A; ranges over the vertices of level n and Uj; is contained in some 4;.
Suppose that D, Ej; """'(D,.E,.i)'1 ~ 1. Then since D,Ey; is a u;double coset
representative from a cresst for Gmod H we must have D,E;; = D;E;. Now
E; =1 if and only if D; is an a;-double coset representative, while if Ej; # 1 then
D; is an a;-double coset representative ending in an ¢; symbol in which case D;
must be a double coset representative for G mod (H, G,_;). Let X; be the set of
(H, G, _,) representatives which end in an o; symbol. Then the members of X;
as well as the a;-double coset representatives are u,-j-double coset representatives,

so the number of ¢ symbols contributed to F by the U,; must be

2G:(H Uy)-2G: (H, 4;)) - ZIX,.
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Further, the (H, G,,_,) representatives which result from deleting the G,,_, sym-

bols end in a symbol from a vertex of level n or are both (H, G,,_,) and (H, G,,)

representatives. This means G:(H, G,_,) = ZIX,| + G:(H, G,) and (1) follows.
If we now sum the expressions obtained in (1) we see that the number of

t symbols corresponding to all the edges of G, is ZG: (H, Up)—-ZG:(H, 4y +

G:(H, G;). Since G = G,, for some n, this theorem is proved.

COROLLARY 7.1.If G = I*(4;; Uy, = Uy;) has finitely many levels and N
is a normal subgroup whose free part has finite rank when N is presented as de-
scribed by Theorem 5 then this rank is

(G:N) [Zw N U, U, - 2V 04,/ 1,4,.1] +1

where we count only one of Uu’ U

PrOOF. If D is a double coset representative for G mod (V, X) then (G:N) =
ZD(X:D"ND NX)=[G:V, X)](X:N N X) since N is normal.

10. Indecomposable subgroups and subgroups which satisfy an identity.

THEOREM 8. Let G = l'l*(Ai; Ujk = Ukj) and suppose H is an indecompo-
sable subgroup of G. Then H is one of the following:
(1) A subgroup of a conjugate of a vertex;
(2) A countable ascending union U,-D;, where each U, is some Uy, and D, is
an oy -double coset representative. Moreover, either
(@) D; = D; .y in which case U; and U, , are consecutive edges of G, or
(b) D; is obtained by deleting the last syllable of D, , in which case U;
and U, | are the same or are consecutive edges of G;
(3) An HNN group of the form (t, S'; rel(S"), tUS ¢ —UH') where U is
some Uy, 8 and &' are distinct Uj- and uk]-double coset representatives for the
same (H, U) coset, S' = gp(UH, Uf,) and t = 8'P5~ with Pin U.

PROOF. Present H using Theorem 5. If the free part of H is nontrivial then
we use Corollary 5.3 together with the argument of Theorem 6 of [9] to show
that H must be an HNN group in (3) above.

Suppose then that the free part of H is trivial so that H = S. By Theorem
2 of [9] G equals one of its vertices or is an ascending union of edges from a
simple path containing one vertex Agj of each Ay level i 2 0. Thus, if H is not
in a conjugate of a vertex of G it is an ascending union of U, D’ If D;=D,;,,
then U; and U, , are distinct consecutive edges of G by Theorem 5. If D; #
D;,, then by Corollary 6.3 D; and D, ; must be as in (2b) above.

1
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COROLLARY 8.1. If the edges of G are all countable then any uncountable
indecomposable subgroup H is contained in a conjugate of a vertex.

COROLLARY 8.2. An abelian subgroup of G has the form (1), (2), or is the
direct product of an infinite cyclic group and a subgroup of a conjugate of an
edge.

THEOREM 9. If G = IT*(4; Uy =U)and Hisa sitbgroup of G which
satisfies a nontrivial law then H is one of the following:

(1) a subgroup of a conjugate of a vertex;

(2) an ascending union as in (2) of Theorem 8;

(3) an amalgamated product (A,Pl_} * A,-[Z,; U,_? ), where Ug has index two in
both factors and D = D; or D = D;;

(4) an HNN group as in (3) of Theorem 8, where U,’f, < U,&,' or Uf, < Uf,'
and H is an infinite cyclic extension of U%,, U ,5,' or of a proper ascending union
of the form UU;’,"‘S or UH{,—kG, ke{o,1,...}.

PrROOF. Present H using Theorem 5. If the free part of A has rank > 2 then H
cannot satisfy a nontrivial law. If the free part of H is infinite cyclic we use Cor-
ollary 5.3 together with the argument of Theorem 7 of [9] to see that H must be
as in (4) above. If H = S then applying Theorem 3 of [9] and using A, as our
level function we see that H is as in (1), (2), or (3).

11. The cartesian subgroup of a tree product whose edges are contained in
the centers of their vertices.

DEFINITION. Let G =M1%(4;; Uy = Uy;) be a tree product with each Up
contained in the center of 4; (and 4;). Then the group obtained by adjoining all
the relations a,a,4; 'a;! = 1, where a, €4, a, € A, and s # r, is called the di-
rect tree product of the 4; amalgamating Uj and Uy; (under 6;,).

By analogy with tree products, it is clear what is meant by a direct tree
product with a single amalgamated subgroup (for which we use the notation
[I(4;; U)) or by a direct tree product with amalgamations from a single vertex.

It is easy to see that if G =TI(A4;; Uy = Uki) and A; is naturally contained
in G for each i then U,; must be contained in the center of 4; (and Aj).

THEOREM 10. If G = II(A;; Uy, =Uy;) is a direct tree product then each
A; is naturally contained in G. Moreover, the direct tree product of a subtree is
contained in G in the natural way.

PRroOF. Suppose first that G is a direct tree product with amalgamations
from the single vertex 4,. If U is the subgroup of A generated by all the U,
then clearly U is contained in the center of A4,. Corresponding to each i we may



A TREE PRODUCT OF GROUPS 47
form the direct tree product (4; x U; U;y = U,;). Consider
Go=I1l(4; x U; Uy = Uy,); U],

where Uy, = U and the natural copies of U are set identically equal. Since we
may add relations to G, which set every natural copy of U from a vertex of G
identically equal, G, is the generalized direct product of the factors (4; x U;

U;o = U,,;) with the single amalgamated subgroup U from the center of each fac-
tor. It follows that (4; x U; U;y = Uy,) is naturally contained in G and simi-
larly A; is naturally contained in (4; x U; U;g = U,;). This shows 4; is naturally
contained in G,. Now G is isomorphic to G, under the mapping ®: G — G, in-
duced by a; — a;. This implies that A4; is naturally contained in G.

Assign a level function to the graph of G having exactly one vertex of level
0 and let G, be the direct tree product of the vertices of level < n. The presen-
tation for G, is contained in the presentations for G, ,, and G. We prove by in-
duction that each vertex of G,, is naturally contained in G, and G,, is naturally
contained in G, 4 ;.

If n = 0 we are done, so assume that the vertices of G,, are naturally con-
tained in G,,. Let Uy; = Uj; correspond to the edge of G, ; between vertices
Ay and 4; of level n and n — 1 respectively. Then Uy is contained in the center
of Aj, and hence, in the center of G,,. It follows that G, , , is a direct tree prod-
uct with amalgamations from the single vertex G,,, so applying the first part of
this proof G, and the vertices of level n + 1 are naturally contained in G, . It
is easy to see then that G, , naturally contains all its vertices. Moreover (by
[11, p. 33, Problem 18]) G, is naturally contained in G, and, hence, 4; is natu-
rally contained in G.

For the last part of this theorem contract the desired subtree to a vertex,
assign it level 0, and apply the above argument.

THEOREM 11. If G = I*(4; Uy, = U,,) where each Uy, is contained in
the center of its two vertices then C(G) is a free group.

Proor. If H = I(4;; Uy = Uy;) then by the previous theorem the map-
ping ®: G — H determined by a@; — g; is a homomorphism which defines the
identity mapping on each 4;. This means that 4; N ker & = 1, so if we present
ker @ ﬁsing Theorem 5 it follows easily that ker ® is a free group. From the pre-
sentations it is clear that ker ® = C(G).

In [1], Anshel and Prener prove that if G = II,-'=1*G,. then G' is free of
rank m — nZ1/q; — (n — 1), where q; = |G,/G;| and n = TI_, q;. They empha-
size that when the G; are finite abelian groups the rank of G' depends only on r
and the orders of the factors.
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LEMMA 4. Suppose G = NI, (4;; Uy = Uy;) where each A, is finite and
each edge is contained in the center of its two vertices. Then |G| =
(A, /@MU, ), where we count only one of Uy, Uy

ProoF: We use induction on r. If r = 2 it is easy to see that each element
of (4; x A,; U;,) has a unique expression of the form ua,a,, where u € U,,
and ¢, and a, are from right tranversals for 4; mod U,, and 4, mod U,, re-
spectively. Then |Gl is as claimed. To establish the inductive step treat G as hav-
ing two factors, one of them an extremal vertex of G.

If G = _,*A; Uy = Uy;) with each 4, finite then let n =
(14,1y/A11Uy,;l) where we count only one of Uy, Uy;.

THEOREM 12. If G = T/_, *(4;; Uy = U,,) where each A, is finite and the
edges are contained in the centers of their two vertices then C((G) is free of rank

n21/\U, | - n21/ U] + 1,

where we count only one of Uik, Ukj‘ If the A, are abelian this is also the rank
of G' which will then be free. If each Uik = {1} this expression reduces to

m-n21/ U, -(n-1).

In any case the rank of C(G) depends only on r and-the orders of the vertices and
edges.

PROOF. (G : C(G)) = n by Lemma 4 so all we need do is apply Corollary
7.1.

12. Some groups which are finite extensions of free groups. In this section
p is the standard embedding of a group G into S by right multiplications.

THEOREM 13. Let G = n*(A4;; Uy = Uy;) where the edges are finitely gen-
erated subgroups of finite index in both their vertices and some edge is a proper
subgroup of both its vertices. Then G is a finite extension of a free group if and
only if the orders of the A; are uniformly bounded.

ProoOF. Suppose first that the orders of the vertices are uniformly bounded
and {X,, ..., X,} is a transversal for the partition of the vertices into isomor-
phism classes. We set K = X, x X, x ... x X,, and construct a homomorphism
¥: G — Sg which embeds each vertex. Thenker Y NgAg ! =gkery NA)g ! =
and by Corollary 5.2 ker ¥ is a free group. Since S is finite (G; : ker ) is fi-
nite.

Let X ; be the natural copy of X; in K. Assign a level function to G having
exactly one vertex of level zero and call that vertex 4,. We define ¥ on the ver-
tices of G so that the following two properties hold:
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(i) If A4 is any vertex and A is isomorphic to X then ¢ is defined on A4 as
the composite of isomorphisms 4 — X s p(f [ R 'y‘lp(f $)7, Where v € S ;

() Ifu= 0;u is any relation corresponding to an amalgamation then
V) = YO;0).

Define Y on 4, as the composite of isomorphisms 4, — X i p(X )
where A is isomorphic to X;. This defines ¢ on the vertices of level < 0. Sup-
pose ¥ has been defined on each vertex of level<r, r > 0, so that (i) and (ii) hold.
Let A; be a vertex of level 7 which is joined by an edge to the vertex 4, of level
r — 1. By inductive hypothesis { is defined on 4, by composing isomorphisms
of the form 4, — X, — p(X,) — 7 'o(X,)y. If U, and U, are the subgroups
of A4; and Ak Jomed by Oki Ui — Uy, and 4; is isomorphic to X; then the cop-
ies U ki U,k inX o X are isomorphic under the copy 0,“ of 0,; where (] ki pairs
the images in X and X of u and 6;,u. The image of u € Uy, in Sy is v~ 1o@)y,
while 4; — X — p(X ;) maps 0, ;u to p(0 k,u) It follows from a result due to
P. Hall (see [12 p. 537]) that there is some 7 in S, such that my Ho@)(yr ) =
n(FkiH), and we define Y on A4; to be the composite of the isomorphisms

A= X; — p&)) = 77 oK.

Clearly Y(u) = y(0;, u) for each u in U-

By induction we have defined Y on the generators of the tree product G in
such a way that any defining relator of G maps to 1. It follows that ¥ deter-
mines a homomorphism. Clearly ¥ is embeds the vertices.

Conversely, if Uj; is a proper subgroup of both 4; and A; then G a finite ex-
tension of a free group F implies (4, * Aj; Uy) is also a finite extension of a free
group. By Karrass and Solitar [10] or Allenby and Gregorac [1], 4; is finite. If
A, is any other vertex of G there is a finite simple path from 4, to 4, in which
each edge has finite index in both its vertices, so A, must be finite. Further, if
®: G — G/F is the canonical map then since each vertex is finite it is clear that
F free implies ker ® N 4, = 1 for each 4;. Thus, ® embeds A; into the finite
group G/F and it follows that only finitely many A; may be nonisomorphic.

COROLLARY 13.1. Let G = 14, Uy, = Uy;) where each A, is periodic.
Then every torsion-free subgroup of G is a free group and G is a finite extension
of a torsion-free subgroup if and only if the orders of the A; are uniformly
bounded.

PROOF. Let H be a torsion-free subgroup of G. Present H using Theorem 5.
A vertex of the base S of H is of the form DA,D™! N H =1 since DA,D"! isa
periodic group. It follows that H is free. Moreover, if H is normal and has finite
index in G then 4;| = |4,/11 = |4,/4, N H| shows 4; must be finite. To com-
plete this proof we may use the arguments of Theorem 13 to show that only fi-
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nitely many 4; may be nonisomorphic and that G has a free subgroup of finite
index when the 4; are finite and their orders are uniformly bounded.

EXAMPLE. Let us call any group of the form (4 * A; U) a generalized free
square (see G. Baumslag, [3]) and 4 *;, A *; A *; A *;; ... %, A (n copies
of A4) a generalized free nth power of 4. Then any geueralized free nth power of
a finite group has a free subgroup of finite index, even if »n is infinite.
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